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In this job, the problem isn't really finding the answers,
it's finding the questions.

We need the man who can find the key question.

--- Sir Arnold Robinson in Yes, Minister



Hello, everyone!

Good morning, good afternoon and good evening!

I feel deeply honored and humbled to be given this prestigious opportunity to

report on some simple and naive observations and questions which came up

when I tried to play with Maple without a specific purpose.

So I must say thanks to the organizers for their courageous invitation.



1. The -Catalan numbers



1.1 The convexity

The first time I tried to plot a function using the Maple command plot, besides the examples in the

manuals, the function that came to mind was the -Catalan number:

Here  denotes the usual -binomial coefficient. Although the -Catalan numbers are familiar, the

shape of the curve is still worth looking at.



Plot of 
Using Maple, we compute and plot .

with(QDifferenceEquations):
n := 12:
A := expand(QBinomial(2*n, n, q)):
B := add(q^i, i=0..n):
C := expand(normal(A/B)):
plot(C, q);

This first plot gives a global impression of the polynomial.



Zooming in near the origin
To get a better picture, use plot(C, q=-1..1). We then zoom in further to the interval

.

, . , .

Observation. The figures suggest that  is positive for all , and that  is convex.



The second derivative
Convexity is equivalent to . Maple gives more numerical evidence:

C2 := diff(C, q$2):
plot(C2, q=-1..1);
plot(C2, q=-0.5..0.5);

, . , .



The fourth derivative
The plots suggest that  is not only positive, but also convex. For the fourth derivative, we
get:

, . , .

The minimum value seems to become larger for higher even derivatives. This motivates a
stronger question.



A guess suggested by computation

We call a function  totally convex if the derivative of every even order is nonnegative, that
is,

For , the -Catalan number , as a polynomial in , is totally convex.

At first glance, I thought that it should be an easy fact. When Teddy Amdeberhan visited me in the

summer of 2016, he made some efforts in trying to prove it, but he did not get it right.

Recently, he and Stephan Wagner settled the main case, namely,  is indeed convex. But the

general case for higher orders remains unsolved.

T. Amdeberhan and S. Wagner, The MacMahon -Catalan is convex, Ann. Comb., 28 (2024)
1003-1019.



Remark
As mentioned by Amdeberhan-Wagner, their proof stands as highly technical, and they hope to

see a more concise proof. Since this has already been pointed out by the authors, I will not

dwell on it here.

Notice that the figures seem to tell us the higher order case might be easier since the minimum
value appears to get bigger and bigger.

It puzzled me why a combinatorial polynomial has such a simple analytical property that is not so
trivial to justify. Maybe we have missed something, and I believe that this is likely to be the case.



1.2 Unimodality

Conjectural coefficient behavior

The -Catalan number  is a polynomial of degree . The coefficients of  and

 are zero. Except for the first and last two terms, the coefficient sequence is

conjectured to be unimodal. Moreover, after excluding a certain head and tail, the remaining

sequence is conjectured to be log-concave.

--- C-Wang-Wang, Proc. Amer. Math. Soc., 2008.



For a pair  of positive integers, define

We have

Definition
A sequence  is unimodal with respect to parity if both subsequences

are unimodal.

Xin and Zhong considered the parity unimodality of the .
G. Xin and Y. Zhong, On parity unimodality of -Catalan polynomials, Electron. J. Combin., 27
(2020) #P1.3.



1.3 Log-concavity: an alternating property

For , with  if  or , define

Coefficients of . Coefficients of  for . Coefficients of  for .

Computations suggest that, for , the coefficients near the head and tail exhibit
alternating signs, and log-concavity holds for large  except for a small head and tail.



Figures: even coefficients of 

Even coefficients, . Even coefficients, .

Computations suggest that the head and tail are unimodal with respect to parity and the

subsequence formed by the coefficients of  in  is log-concave.



1.4 Higher-order normality

Coefficients of  vs. normal. Coefficients of  vs. normal.

As has been shown, the limiting distribution of the coefficients of  is normal.

We observe that there is a higher-order normality involving the coefficients of . More

precisely, computations indicate that the limiting distribution of the coefficients of  is also

normal.



Remark

An AI-assisted proof of the above observation has been obtained by Kathy Ji. It is also shown

that the limiting distribution of the coefficients of  is normal for .



1.5 The higher-order Turán inequalities

The higher-order Turán inequalities can be thought of as a higher-order counterpart of the Newton
inequalities.

For  of degree , define

where

Here  for  or .



Higher-Order Turán Normality

We observe that the limiting distribution of
 is also normal.



The computations give us a reason that we may consider a slightly different version of the operator
 and a slightly different notion of infinite log-concavity.

Given a sequence  coming from the coefficients of a polynomial of degree ,
define

where , for .

With this slightly modified definition of the operator , and similarly a slightly modified definition of
, we may consider the higher-order log-concavity and normality of the limiting distributions. It

seems that under the transformations of  and , the -factorials  and the -derangement
numbers admit the higher-order properties except for the head and the tail.



1.6 A candidate: Ramanujan polynomials

The Ramanujan polynomials were introduced by Ramanujan in two seemingly unrelated contexts.
They turned out to be related to the enumeration of rooted trees with respect to the number of
improper edges.

Combinatorial background
An insertion algorithm independently devised by Shor and Dumont-Ramamonjisoa has played
a vital role in the combinatorial study of the Ramanujan polynomials. Recently, Chen-Fu-Wang
developed a grammatical calculus for these polynomials.

Let  denote the number of rooted trees on  with  improper edges, and
define

W.Y.C. Chen, A.M. Fu and E.L. Wang, A grammatical calculus for the Ramanujan polynomials,
Ramanujan J., 70 (2026) 35.



Maple computations suggest that the limiting distributions of both  and  are
normal.

The coefficients of . The coefficients of . The coefficients of .

As before, one may also consider the higher-order Turán inequalities for , as well as the
companion Ramanujan polynomials .



2. The -Binomial Coefficients



2.1 The -binomial coefficients

What more can one say about the -binomial coefficients beyond the classical result on

unimodality?

Motivation

Like the computation for the -Catalan numbers, computations suggest further properties for

the coefficients of -binomial coefficients and their log-concavity transforms.

Ken Ono, Hermite-Jensen limits and  log-concavity of -multinomials, J. Combin. Theory Ser. A,
223 (2026) 106216.



2.2 Observations

Computational Observations

The following statements appear to be valid:

For large , the head and tail of  are alternating and unimodal with respect to parity.

Roughly speaking,  is reluctantly log-concave.

The coefficients of the even powers of  in  are unimodal and essentially log-concave.

When , the limiting distributions of  and  are normal.



Coefficients of 

The coefficients of . The coefficients of  for .

Coefficients of even powers of  in , for . Coefficients of  for .



Larger : more streamlined curves

The coefficients of . The coefficients of .

The curve becomes more streamlined when  gets larger.



The distribution of  versus the normal curve. The coefficients of  for .

Coefficients of  for . Coefficients of even powers of  in  for .



Related work on -binomial coefficients

Mahonian distribution on words
Canfield-Janson-Zeilberger proved asymptotic normality for the Mahonian statistic on multiset

permutations.

Major index on standard Young tableaux
Billey-Konvalinka-Swanson studied the major-index distribution on standard Young tableaux of

arbitrary straight shape and certain skew shapes, generalizing prior results of Canfield–

Janson–Zeilberger on multiset permutations and Chen–Wang–Wang on q-Catalan numbers.

E.R. Canfield, S. Janson, and D. Zeilberger, The Mahonian probability distribution on words is
asymptotically normal, Adv. in Appl. Math., 46 (2011) 109-124.
S.C. Billey, M. Konvalinka, and J.P. Swanson, Asymptotic normality of the major index on
standard tableaux, Adv. in Appl. Math., 113 (2020) 101972.



2.3 Unimodality

As a possible approach to the above log-concavity observation concerning the coefficients of even

powers of  in , we should not forget the classical argument of Sylvester using invariant theory.

As a matter of fact, we do not really have to get into invariant theory.

The key ingredients are a pair of differential operators on polynomials in ,

together with an identity of Cayley.



Cayley's identity
Consider the following two differential operators on polynomials in :

Cayley's identity
For  and , let  be a semi-invariant of a binary -form of degree  and
weight , and let . Then, for ,



Hilbert's identity
Hilbert obtained a more general operator identity which does not require the semi-invariant
condition.

For  and , let  be a partition of  contained in a  rectangle, and let
. For ,

where

Hilbert's identity reduces to Cayley's identity when applied to semi-invariants.



A combinatorial proof

A combinatorial proof of Hilbert's identity and an account of Sylvester's proof can be found in the

following work.

W. Y. C. Chen and D. D. Jia, Semi-invariants of binary forms and Sylvester's theorem,
Ramanujan J., 59 (2022), 297-311.



3. -Derangement Numbers



3.1 The basic case

Definition
Let  be the set of permutations of  in which each fixed point may be
endowed with a minus sign. A signed fixed point is denoted by .

Example.

If  consists of permutations with exactly  minus fixed points, then



An involution

Let  denote the set of derangements of , namely permutations with no fixed points, and let
.

The involution
Consider the subset of  consisting of permutations with at least one fixed point, signed or
unsigned. Let  be the minimum fixed point. Changing the sign of  gives a sign-reversing
involution.

After the cancellation, only ordinary derangements remain. Hence



It is worth noting that this signed fixed-point model happens to coincide with decorated

permutations, namely permutations in which each fixed point is assigned one of two colors.

Decorated permutations were introduced by Postnikov in his study of the totally nonnegative

Grassmannian. Corteel and Williams further studied decorated permutations in connection with

permutation statistics such as weak excedances and alignments. For the definitions of weak

excedances and alignments, see Corteel and Williams.

In general, Blitvić and Steingrímsson introduced -arrangements, more precisely, permutations

whose fixed points are colored with one of  colors; Thus decorated permutations are precisely -

arrangements; see also Fu, Han, and Lin.



S. Corteel, Crossings and alignments of permutations, Adv. in Appl. Math. 38(2007), 149-163.
A. Postnikov, Total positivity, Grassmannians, and networks, preprint, 2006, arXiv:math/0609764.
L. K. Williams, Enumeration of totally positive Grassmann cells, Adv. Math. 190 (2005), 319-342.
N. Blitvić and E. Steingrímsson, Permutations, moments, measures, Trans. Amer. Math. Soc.
374(2021), 5473-5508.
S. Fu, G. -N. Han and Z. Lin, -Arrangements, statistics, and patterns, SIAM J. Discrete Math.,
34 (2020) 1830-1853.



3.2 A -analogue
A natural question is whether this signed-permutation setting is also feasible for the -derangement
numbers. For a permutation , define 

Recall that the -derangement number is the major-index generating function over derangements:

The Gessel–Wachs formula

I. M. Gessel and C. Reutenauer, Counting permutations with given cycle structure and descent set, J. Combin. Theory Ser. A
64 (1993) 189–215.
M. L. Wachs, On -derangement numbers, Proc. Amer. Math. Soc. 106 (1989), 273–278.



The major-index formula on 

Let  be the subset of  with exactly  minus fixed points. With respect to the natural
order

computation suggests that

Example.



Catherine Yan provided a proof by adapting the insertion lemma for ordinary permutations to

decorated permutations, while Peter Guo gave a proof using Stanley's theory of -partitions. For

the insertion lemma for ordinary permutations, we refer to Gupta, Haglund-Loehr-Remmel, Han.

H. Gupta, A new look at the permutation of the first n natural numbers, Indian J. Pure Appl. Math.
9 (6) (1978) 600-631.
J. Haglund, N. Loehr and J.B. Remmel, Statistics on wreath products, perfect matchings, and
signed words, European J. Combin. 26 (2005) 835-868.
G-N. Han, Calcul denertien (in French), Dissertation, Université Louis Pasteur, Strasbourg, 1992,
Publ. Inst. Rech. Math. Av., 476.



An involution for the -formula

An observation to be confirmed
Let

There should exist a sign-reversing and descent-set-preserving involution on , where the
sign of a permutation in  is defined as the product of its minus signs.

Remark

In order to justify the formula for  it suffices to have the sign-reversing involution on ,

the descent-set-preserving property yields a stronger statement.

This converts the formula into a cancellation problem on signed permutations, paralleling the
classical derangement involution.



Example: Classification by descent sets
For , the following table classifies  according to descent sets. The rows are grouped
according to the corresponding descent sets.

Remark
Kathy Ji found an AI-assisted construction for a sign-reversing and descent-set-preserving
involution on , which is based on the shuffle theorem of Wachs. So we may say that
there is an involution setting for the -derangement numbers.



4. Infinite Log-Concavity



4.1 Infinite log-concavity

Define the operator  which maps a sequence  of nonnegative numbers to a sequence 

given by

Then the log-concavity of the sequence  is defined by the nonnegativity of , namely, 

is nonnegative for all .

If the sequence  is not only nonnegative but also log-concave, then we say that  is -

log-concave. In general, we say that  is -log-concave if  is nonnegative for every

, and that  is -log-concave if  is nonnegative for every .



Numerical evidence suggests that the product of two infinitely log-concave polynomials is often

infinitely log-concave. There are counterexamples to the general statement.

Question

Find natural sufficient conditions under which the product of two infinitely log-concave

polynomials remains infinitely log-concave.



4.2 Longest increasing subsequences

Let  be the number of permutations of  for which the longest increasing

subsequences are of length .

Observation
The limiting distribution of  is the Tracy-Widom distribution. It was noticed that, for ,
the sequence  is infinitely log-concave.

W.Y.C. Chen, Log-concavity and -log-convexity conjectures on the longest increasing
subsequences of permutations, preprint, 2008, arXiv:0806.3392.



5. The Cumulative Partition Function



Congruence questions

There are reasons to consider the cumulative partition function

where  is the usual partition function.

Unlike most partition functions, we have not found simple congruence relations on arithmetic
progressions , namely congruences of the form

Now we may conclude with the key question: To be or not to be, that is, is there a nonexistence

theorem in general, or are there some congruences in particular?



In this virtual event, I'd like to virtually thank you

for your virtual attention!


